We classify the existent Birkhoff-type theorems into four classes:
Introduction
Four different types of theorems carry the name Birkhoff theorem, all of them refer to the original Birkhoff result from 1923, see [1] for a presentation of the earlier papers about it. All of them are in a sense related to the spherically symmetric metric mass. The importance of the Birkhoff theorem is the following: the gravitational far-field of a spherically symmetric star carries, apart from its total mass, absolutely no information about the structure of the star, so e.g. a radially oscillating star has a static gravitational far-field. This property was already known to be valid in Newton's theory of gravitation, but it came as a surprise that such a property will also be valid in Einstein's theory, where the gravitational field, the metric g AB , carries 6 (namely 10 components of the metric minus 4 coordinate transformations) degrees of freedom in contrast to Newton's with only one of them.
Third, in mathematical physics, especially in the search for exact solutions, Birkhoff's theorem will be formulated like: up to singular exceptions of measure zero, the spherically symmetric solutions of Einstein's vacuum field equation with Λ-term can be written by inserting the value n = 2 into the
These mentioned singular exceptions are not only the horizons where the component g tt of metric (1.2) vanishes, but also such solutions, where r is constant, and therefore cannot be applied as coordinate; this can take place if the space-time ds 2 represents the direct product of two 2-spaces of constant curvature, and such spaces can all be generated as limits of portions of spacetime metric (1.2), see [2] . The possible inclusion of several matter fields is possible, and can generally be transformed via the Einstein equation, or other theories of gravity under discussion, to properties of the Ricci tensor.
The usually employed formulation reads: matter fields must be spherically symmetric. However, at least for those theories, where matter is coupled to gravity via the energy-momentum tensor T AB only, it suffices to require that the energy-momentum tensor must be spherically symmetric. This is, in some cases, a really weaker assumption.
And, at the end, fourth, in differential geometry, any statement of the type: Every member of a family of pseudo-Riemannian space-times has more isometries than expected from the original metric ansatz, carries the name 
where dσ 2 and dΩ 2 are pseudo-Riemannian manifolds of dimension k ≥ 0 and n ≥ 0 respectively and arbitrary signature, and let r ≥ 0 be a scalar function 2 on dσ 2 . Furthermore, let dΩ 2 be a space of constant curvature with curvature scalar R, that means, the dimension of the isometry group of dΩ is given without the necessity to introduce special adapted coordinates; that proof shows the geometric origin of the Birkhoff theorem: it rests on the property, that differently from all other dimensions k it holds for k = 2: the Ricci tensor has no more than k − 1 different eigenvalues, and this property has to be applied to the space perpendicular to the orbits of the spherical symmetry, [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] :
here a 5-dimensional exceptional case related to Birkhoff's theorem is covered by a non-trivial limit of space-times, [20] , [21] , [22] , [23] , and [24] .
The generalization of this theorem to fourth-order gravity is subject of the following references: [25] : here it is shown that the Birkhoff theorem is not valid in a fourth order theory of gravitation where L = R 2 , and that in this theory, the Newtonian limit is not well-behaved; only as a side-remark he mentions the possibility to use instead L = R + l 2 · R 2 and comments this to be arbitrary and being only an unwarranted complication of the theory, [26] : here an example of a fourth order theory of gravitation is presented, where the Birkhoff theorem is valid, this is done by a Lagrangian, which coincides with L = R in all those cases, where two of the eigenvalues of the Ricci tensor coincide, [27] , [28] , [29] , [30] , [31] , [32] : here it is outlined that for the 3-dimensional case, i.e. for k + n = 3, the most general spherically symmetric metric cannot be presented in the form of metric (1.3); however, in the present paper we restrict to spaces of the form (1.3) from the beginning, [33] : here the Birkhoff theorem for Lovelock gravity is proven, and in [34] , a minor error of that paper is corrected, [35] , [36] , [37] , [38] , [39] , [40] , [41] , [42] , [43] , [44] , [45] , [46] , [47] , [48] , [49] , [50] , [51] , and [52] . The special case of the conformally invariant Weyl theory has been dealt with in [53] , [54] , [55] , [56] , [57] , [58] , [59] , [60] , [61] , [62] , [63] , [64] , [65] , and [66] .
The relation of the Birkhoff theorem to two-dimensional space-times is worked out in [67] , [68] , [69] , [70] , [71] , [72] , [73] , [74] , [75] , [76] , [77] , [78] , [79] , [80] , [81] , [82] , and [83] . For related work on black holes in Palatini gravity see e.g. [84] . Several variants of Birkhoff-type theorems including those in higher dimensions and those including many different types of matter fields are presented in [85] . The inverted Birkhoff theorem is the subject of references [86] and [87] .
Arbitrary dimension of the spaces
Let us now return to the question posed in section 1, and discuss the different cases. The first two ones are trivial, we mention them only for completeness. Fourth case: k = 2. As is generally known, the type(2, n)-Birkhoff theorems are valid for every n ≥ 1. For a similar and in some respect more general approach in the context of multidimensional gravity see [85] .
Fifth case: k ≥ 3. This case cannot be adequately dealt by such general considerations, so we must go deeper into the details; this we will do in the next sections.
General warped product
We start with metric (1.3), representing a warped product with warping function r 2 equipped with coordinates x A , where A, B = 1, . . . , N
With N = k + n and i, j = 1, . . . , k we assume both r and g ij to depend on the x i only, and
Consequently, we get for the other part of the metric
where α, β = k + 1, . . . , N.
Now we perform a conformal transformation as follows
Therefore,
and the h αβ shall depend on the x α only. Consequently,
and
represents a direct product, so its Ricci tensor P AB has a block structure composed from P ij and P αβ , whereas all values P iα identically vanish. Let
that means, P is the curvature scalar for dŝ 2 and Q is the curvature scalar for dΩ 2 . Let d be the dimension of the local isometry group of dΩ 2 . This implies that d ≤ n(n + 1)/2 with equality taking place only for spaces dΩ 2 being locally of constant curvature. Now, for a given dΩ 2 but unspecified r and dσ 2 we request ds 2 to be an Einstein space. Let D be the dimension of the local isometry group of ds 2 .
For those cases where we get D > d, we have the validity of a Birkhoff-type theorem. be the Ricci tensor of ds 2 and R = g AB R AB the related scalar. According to our request we have
The case N = 1 can now be solved: eq. 
where indices are moved and covariant derivatives f ;AB are calculated with the metric g AB , and the D'Alembertian ✷ is defined by ✷f = g AB f ;AB for any scalar f . Of course, f ;A is identical to the partial derivative f ,A .
Transvecting eq. (3.10) with g AB we get
To calculate ̺ ;AB , we need the components of the Christoffel affinity. To this end we rewrite eq. (3.1) as follows:
with g ij and r depending on x i only, whereas the h αβ depend on the x α only.
It is clear from the above, that we have also
The components Γ i jl of the Christoffel affinity represent both the complete Christoffel affinity for the space dσ 2 as well as those components with indices all ≤ k of the Christoffel affinity for the space ds 2 . In our case, both interpretations lead to the same values, so we need not distinguish the notation here.
The same takes place with the components Γ α βγ of the Christoffel affinity: in the following three spaces their value is always the same: for dΩ 2 , for r 2 dΩ 2 , and for the components with indices all > k of the Christoffel affinity for the space ds 2 .
The only non-trivial influence of an allowed non-constancy of the warping factor r 2 = e 2̺ is via the following components of the Christoffel affinity for the space ds 2 :
Now we are ready to calculate the needed components of ̺ ;AB : all the mixed components ̺ ;αi vanish, the components ̺ ;ij can be calculated if they were simply within dσ 2 , and the only non-trivial part is
Denoting the D'Alembertian within dσ 2 by ∆, i.e. ∆̺ = g ij ̺ ;ij we get
By construction, see eq. (3.8), Q depends on the x α only, and P − Q, representing the curvature scalar for e −2̺ dσ 2 , depends on the x i only. Now we are ready to evaluate eq. (3.10) in more details: Inspection of the mixed components implies that R αi = 0 identically. So, we may split eq. (3.10) in the αβ-block and the ij-block. So we get
Inserting eq. (3.9) into these two equations we get
Transvecting eq. (3.18) with h αβ we get with eq. (3.8)
Transvecting eq. (3.19) with h ij we get with eq. (3.8) By construction, the following terms depend on the x i only: ̺, ̺ ;i ̺ ;i , ∆̺, ✷̺, P − Q, g ij , h ij , P ij , and R ij . Likewise by construction, the following terms depend on the x α only: Q, P αβ , and h αβ .
We get the result: the l.h.s. of eq. (3.20) depends on the x α only, and its r.h.s. depends on the x i only. Consequently, Q is a constant.
Coordinate-free proof of Birkhoff 's theorem
Now we restrict to the main case, k = 2, i.e. N = n + 2. The relevant equations from section 3 then lead to the following simplifications: From eq.
(3.9) we get
Eq. (3.18) now reads
from eq. (3.19) we get
From eq. (3.20) we get
From eq. (3.21) we get
At this place it proves useful to re-insert r = e ̺ instead of ̺ into the equations: ̺ = ln r, and similarly we get with eq. (3.15)
then eqs. (4.2) -(4.5) read
What can we directly see here is the following: if we insert g αβ = r 2 · h αβ into eqs. (4.6) and (4.8) we get
That means, dΩ 2 is an Einstein space with constant curvature scalar. It is essential to point out that we have not assumed dΩ 2 to be an Einstein space, or even a space of constant curvature, but moreover, it follows from the other assumptions; of course, the constancy of Q is a non-trivial extra property for n = 2 only.
The antisymmetric Levi-Civita pseudo-tensor ε ij in dσ 2 is completely defined by ε 12 = | det g ij |. It is covariantly constant. We now define the pseudo-vector ξ i via
Here is the most relevant point of the deduction: In two-dimensional spaces, the two eigenvalues of the Ricci tensor coincide. 6 Therefore, P ij is proportional to g ij , and with eq. (4.7) we see that this also takes place for r ;ij . So we insert r ;ij = c · g ij with a scalar c into eq. (4.11) and get finally ξ i;j + ξ j;i = 0.
Hence, ξ i is a Killing vector. 
Discussion
Now we can summarize the results in the following Generalized Birkhoff Theorem: Let the warped product 
(1, 0), (3, 0), (1, 2), (2, n), n ≥ 1 Table 1 : Values of (k, n), where the type(k, n)-Birkhoff theorem is valid and dΩ 2 being the metric of the standard sphere S n , and we restrict to the case n ≥ 2. With a dash denoting the derivative with respect to r we get 8 In more details: That the t-lines are perpendicular to the r-lines can be expressed by the condition t ;i r ;i = 0, but if r ;i is a non-vanishing light-like vector, then t ;i must be parallel to r ;i , so the coordinates r, t fail to be independent ones. ∆r = A ′ (r) and r ;i r ;i = A(r). With eq. (4.8) we get then Q n = rA ′ (r) + (n − 1)A(r) + r 2 R n + 2 .
To solve this equation it proves useful to define the function F (r) = r n−1 A(r).
We simply get F ′ (r) = Q n · r n−2 − r n R n + 2 which can be integrated to 
